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ForRecs 1 we have 41151 NIs
TruncatedPerron C It ZETE 2X
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Next weprove an explicitformula for UX
theorem Explicitformula for 41 7
Let 2 T 2X Then

4 IE
Note This formula shows distribution ofprimes
closely related to location ofzerosof115

PE Recall that from truncatedPerron formula
we have that for C It 24T 2X
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We want to estimate the integral is

by moving the line of integration and

applying residue theorem Therefore we need

to find thepoles of fees and compute

the residues

has no poles in the complexplane
has a simplepole at 0 no otherpoles

1s has a simplepole at 1 and a simple

pole at each Zero of s

Residue at 5 2 is finals 1

Residue at 5 0 is Gmo X s 410 a constant

If yes has zero 8 with multiplicity mg
then limp's 5 1s my



We want to carefully choose our box of
integration such that we avoidpoles of is
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From last time we know there are O log T
Zeros of s with 1m18 T T 13
Therefore there exists TIE T T 13 such

that all zeros f of 9157 satisfy 11kg1 Tal's

Can put absolute values
b



because if f is a Zero so is 5

We integrate is along the box with
corners c its Ct its its and its

This gives X is if
is if f 4107Ttite

residueat a dato residue.at

From lasttime f It ite 01kg7 for 4 C

therefore dsa
Ctite

and similarly for

Now If adf.IE 4k
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we used 1 it cc leg 1H45
from lasttime
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Finally there are 01by T zeros s with

Te 11ms Te and each contributes 01
Home
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Also Heads a logx

we used lait 4101
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recall C It
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Hence we have indeed
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In to II
The explicit formula shows that the
distribution of primes is closely related to
the location of zeros of ECS Next we see
what we obtain under the most optimistic assumption
about the location of Zeros RH

theorem Erron term under RH
The Riemann hypothesis is true if andonly if

Q X O so

Proof Applying ExplicitFormula with T we have

4 X
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01legxi

Now suppose all non trivialzeros have Rels
For n 5 there are O log n Zeros with 1 up e In ntt

and each one contributes 04h
Therefore 4 x Of 1 FEEL day
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By partialsummation initially in Recs 1

s Nun's 5 July y dy
I

Suppose Y X RIX where Rex 2 t

1s S RH
s
dx

Then integral is holomorphic for Recs state
So 9157 is zero free in this region

Unfortunately RH is completely out of
reach but we have some understanding for
zero free regions



Theorems Zero free region for9157
There exists a constant Cso such that
if 8 5 it is a non trivial zero ofICS
then J 1 Gatti

ftp

Proof We have thefollowing key elementary identity
For α ER 3 4 cos α as a 21 It casa 0

Note thatfor 0 1

Re1 10 it RLE.TL t
cos it lyn



Therefore for 5 1 we have

Ref 31,10 4Kelotit to zit

I MIKEY
20 Coso some constant

we choose later
Let 12022 and t Co Then by partial
fraction expansion of 1s wehave for s Fit

410 4 Eg
01 legt

Note that Re Re 0

Also recall that 40 011

Then 02 Re 3 10 4 init If 10 21 tiii iii
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Hence there exists an absoluteconstantCa suchthat

1 Ipt Celagt so
Choose

5 1 Igt for some 830
Then β 21 Igt 4 Elgt
Let a we have β 2 1 telegt
This
proves

theorem if Imf Co By symmetry
it follows for all s with 1mg Co
We have finitely many zeros with 11ms

Co

and all away bounded away from This 1 his Co

So theorem follows if c o sufficiently small

We choose Co such that f I it to for outleco
Such Co exists because 915 hespole at 1
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